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A classical model for dc transport of two dimensional electrons in a perpendicular magnetic
field and under strong irradiation is considered. We demonstrate that, near the cyclotron resonance
condition, and for linear polarization of the ac field, a strong change of the diagonal component, σd,
of the dc conductivity occurs in the presence of a weak nonparabolicity of the electron spectrum.
Small change in the electron effective mass due to irradiation can lead to negative σd, while the Hall
component of the dc conductivity remains practically unchanged. Within the model considered,
the sign of σd depends on the relative orientation of the dc and ac fields, the sign of the detuning
of the ac frequency from the cyclotron resonance, and the sign of nonparabolic term in the energy
spectrum.
1. Introduction. Recently reported observation [1,2] of a zero-resistance state, that emerges upon microwave irradiation
of a high-mobility 2D electron gas in a weak magnetic field, was immediately followed by a number of theoretical
papers [3–6], in which the origin of this state was discussed. The only microscopic calculation to date [4] indicates that,
for strong enough radiation intensity, the diagonal component, σd, of the dc conductivity tensor changes sign from
the dark value σd > 0 to σd < 0 within certain frequency intervals of the ac field, away from the cyclotron frequency
and its harmonics. Negative local value of σd results in the instability of the homogeneous current distribution. In
Ref. [5] the scenario of how the instability might develop into the zero-resistance state was proposed.
In this situation it seems important to trace the emergence of negative σd in an ac-driven system from the simplest
possible model. Such a model is considered in the present paper. Obviously, σd is sensitive to the illumination only
if the Kohn theorem is violated. It is commonly assumed that the reason for this violation is a random impurity
potential. Here we consider a model, in which the Kohn theorem is violated due to an intrinsic reason, namely, due
to a weak nonparabolicity of the electron spectrum. More specifically, we adopt the following form of the dispersion
relation for the conduction band electrons
ε(p) =
p2
2m
[
1−
p2
2mE0
]
, (1)
where m is the effective mass, and E0 is the energy of the order of the bandgap. The corresponding expression for
the velocity reads
v =
p
m
[
1−
p2
mE0
]
. (2)
2. dc conductivity. As we will see below, negative σd emerges when the ac field, E cosωt, is linearly polarized. We
choose the direction of polarization along the x-axis. We will also see that the magnitude and the sign of σd depend
on the direction of the driving dc field, E (Fig. 1). Denote with θ the direction of E with respect to the x–axis. Then
the classical equation of motion of an electron in a perpendicular magnetic field B and driven by ac and dc fields is
dp
dt
+
p
τ
−
e
c
[v ×B] = eE + eE cosωt, (3)
where τ is the relaxation time. It is convenient to rewrite this equation introducing a complex variable P = px + ipy.
Then it takes the form
dP
dt
+
P
τ
− iωcP +
iωc
mE0
P|P|2 = eEeiθ +
eE
2
(
eiωt + e−iωt
)
. (4)
Here ωc = eB/mc is the cyclotron frequency. We search for a solution of Eq. (4) in the form
P(t) = P0 + P+ exp(iωt) + P− exp(−iωt), (5)
where P0 ≪ P+,P− is a small dc component proportional to E. Near the cyclotron resonance condition, ω ≈ ωc, we
have |P−| ≪ |P+|. Still we keep the nonresonant term, P−, to the lowest order, since the ac field affects σd through
1
this term. In other words, the effect of irradiation on σd emerges beyond the rotating-wave approximation, adopted
in Ref. [4]. Substituting Eq. (5) into Eq. (4), we obtain the following system of equations for P+, P−, and P0.
[
i(ω − ωc) +
1
τ
]
P+ +
iωc
mE0
P+|P+|
2 =
eE
2
, (6)
−i (ω + ωc)P− =
eE
2
, (7)
[
1
τ
− iωc
(
1−
2|P+|
2
mE0
)]
P0 +
[
2iωc
mE0
P+P−
]
P∗0 = eEe
iθ. (8)
The ac-induced term ∝ |P+|
2 in the equation for P0 describes the change of the effective mass caused by irradiation,
and has no effect on the dc transport. The effect comes from the term ∝ P+P−, which describes the “rectification”
of the Larmour motion due to nonparabolicity.
FIG. 1. The diagonal conductivity as a function of the angle θ between ac and dc electric fields, illustrated in the inset.
The dashed line shows the dark conductivity. The solid curve is a plot of the diagonal conductivity under irradiation given by
Eq. (14). It assumes negative values within the angular intervals shown with gray.
From Eq. (7) we obtain P− = ieE/4ωc. The solution of Eq. (6) can be formally presented in the form
P+ =
eEτ
2(1 + iΩτ)
, (9)
where
Ω = ω − ωc +
ωc|P+|
2
mE0
(10)
is the deviation of the microwave frequency from the ac–shifted cyclotron frequency. Substituting P+, P− into Eq.
(8), we find the longitudinal, p‖, and transverse, p⊥, with respect to the applied dc field, components of the drift
momentum
p‖ = Re
{
P0e
−iθ
}
=
eE
ω2cτ
{
1−
[
(eEτ)2
8mE0
]
Ωτ sin 2θ − cos 2θ
1 + (Ωτ)2
}
, (11)
p⊥ = Im
{
P0e
−iθ
}
=
eE
ωc
{
1−
[
(eE)2τ
8mE0ωc
]
Ωτ cos 2θ + sin 2θ
1 + (Ωτ)2
}
. (12)
The expressions for the diagonal, σd, and transverse, σt, conductivities immediately follow from Eqs. (11), (12). It is
convenient to rewrite these expressions using the dimensionless parameter δm/m, which is the relative correction to
the effective mass due to irradiation
δm
m
=
|P+|
2
mE0
=
(eEτ)2
4mE0 [1 + (Ωτ)2]
. (13)
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The above consideration is valid when δm/m≪ 1. Then we obtain
σd =
ne2
mωc
[
1
ωcτ
−
(
δm
2m
)
Ωτ sin 2θ − cos 2θ
ωcτ
]
, (14)
σt =
ne2
mωc
[
1−
(
δm
2m
)
Ωτ cos 2θ + sin 2θ
ωcτ
]
, (15)
where n is the electron concentration. We see that the ac-induced correction to the transverse conductivity is small,
since we assumed that |Ω| ≪ ωc and δm/m ≪ 1. The latter condition allows us to use the expansion of ε(p) given
by Eq. (1), i.e., to neglect the higher–order, in ε/E0, terms in the kinetic energy. Our prime observation, however, is
that with δm/m≪ 1, the diagonal conductivity, given by Eq. (14), becomes negative for large enough detuning from
the cyclotron resonance. The corresponding condition for negative σd can be presented as
|Ω|
ωc
>
2
ωcτ
( m
δm
)
. (16)
In the clean limit, ωcτ ≫ 1, this condition is compatible with |Ω| ≪ ωc and δm/m ≪ 1. The ratio δm/m increases
with the intensity of the ac field. Therefore, in order to meet the condition (16), microwave irradiation should exceed
a critical value. For the intensities above this critical value the diagonal conductivity assumes negative values within
certain intervals of relative orientation, θ, as illustrated in Fig. 1.
It is instructive to analyze the above expressions for diagonal and transverse conductivities in the limit τ → ∞,
where they can be simplified to
σd = −
(
ne2
mωc
)[
(eE)2
8mE0Ωωc
]
sin 2θ, (17)
σt =
ne2
mωc
[
1−
(eE)2
8mE0Ωωc
cos 2θ
]
. (18)
Remarkably, the relaxation time, τ , drops out not only from σt, but also from the diagonal conductivity. This means
that the the momentum relaxation, necessary for dissipative transport, is provided by scattering from the microwave
field, coupled to the translational motion via the nonparabolic term in the dispersion relation.
3. Bistability. In general, σd in Eq. (17) is not simply proportional to the intensity of the ac field. This is because
the effective detuning, Ω, also depends on E , as follows from Eq. (10). Below we analyze the Ω (E) dependence. For
this purpose, we rewrite Eq. (9) in the form
z ≡
|P+|
2
mE0
=
|eE|2
4mE0ω2c (δ + z)
2
, δ ≡
ω − ωc
ωc
. (19)
Upon introducing new dimensionless variables
η =
|eE|2
4mE0ω2c
, s = −z/δ, (20)
this equation takes the form
s (1− s)
2
= −
η
δ3
, (21)
Diagonal conductivity can be expressed through a solution of this equation as follows
σd = −
1
2
σtδ
2s (s− 1) sin 2θ, (22)
where σt = ne
2/mωc is the transverse conductivity. Remarkably, Eq. (21) yields three solutions for δ < 0 and
η/|δ|3 < 4/27. Two of these solutions are stable. This fact was first pointed out by Kaplan [7], who predicted a
hysteresis in the cyclotron resonance of a free electron, caused by the relativistic correction to its velocity. The role
of τ in Ref. [7] is played by the radiative friction. This prediction was confirmed experimentally in Ref. [8].
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The aspect of nonlinear cyclotron resonance [7], which is interesting to us, is how the bistability manifests itself in
the diagonal conductivity, when polarization of the ac field is linear. Two stable solutions of Eq. (21) can be obtained
analytically in the limit η ≪ |δ|3
s1 =
η
|δ|3
, s2 = 1 +
(
η
|δ|3
)1/2
. (23)
It is seen from Eq. (22) that they result in two values of diagonal conductivity
σd1 = σt
η
2|δ|
sin 2θ, σd2 = −
1
2
σt
√
η|δ| sin 2θ. (24)
This result is obtained in the limit of infinite τ . Analysis with finite τ indicates that the phenomenon of negative
diagonal conductivity vanishes for the second solution, while σd1 remains unaffected. On the other hand, kinetic
energies of these states are
ε1 =
η
2δ2
E0, ε2 =
1
2
|δ|E0. (25)
Note, that the condition η ≪ |δ|3 insures that ε1 ≪ ε2. Our findings can be thus summarized as follows: negative σd
corresponds to the lower–energy state, while in the higher–energy state the diagonal conductivity remains positive.
Hence, within the model considered in the present paper, the phenomena resulting from negative diagonal conductivity
should vanish at high enough temperature due to activation to the state with positive σd.
4. Concluding remarks. We would like to emphasize that the effect of irradiation on dc transport emerges within our
model only for linear polarization of the ac field. As a result, the ac–induced contribution depends on the relative
orientation of the dc field and ac–polarization. Simplicity of our model rules out comparison to the experiments
[1,2]. However, we hope that with disorder and interactions present, the real part of electron self-energy might mimic
nonparabolicity of dispersion relation and contribute to the ”rectification” of the ac–driven Larmour motion, thus
affecting the respose to the dc field.
The other outcome of our consideration is that in the regime of bistability [7] two stable states of the Larmour
rotation exhibit drastically different response to the dc drive. When these states have diagonal conductivities of
opposite sign, their energies being comparable may impede the global redistribution of current.
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